Chi-Square—Chapter 11, Sections 11.1-11.2

Your text discusses three types of chi-square:tests
1. Goodness-of-Fit

2. Independence

3. Homogeneity of Proportions

We use the Greek symbgl (pronounced ki — sguare” to rhyme with “sky-square”) to
represent values of the chi-square distribution.

Characteristics of the Chi-Square Distribution

It is not symmetric.

The values of? are non-negative (i.¢ > 0).

The chi-square distribution is asymptotic to thezantal axis on the right-hand-side.
The shape of the chi-square distribution depends tipe degrees of freedom, just like
Student’s t-distribution and Fisher’s F-distributio

As the number of degrees of freedom increasesHhhsquare distribution becomes mor
symmetric, as illustrated in Figure 1 below.
6. Total area under the curve is equal to 1.0.
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Finding Critical Values of the Chi-Square Distribution:
Critical values of the chi-square distribution &rend in Table IV in Appendix A.

Find the critical value of chi-square for a ond-aght-tail) test witha = 0.05 and df=15.

Figure 2

Area = 0,05

Figure 3
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11.1 Chi-Square Goodness-of-Fit Test

Definition: A goodness-of-fit tesis an inferential procedure used to determine lndred
frequency distribution follows a claimed distrilarii It is a test of the agreement or
conformity between the observed frequencie¥ #0d the expected frequencies) (iar
several classes or categories

Expected Frequencies (or Counts)

Suppose there are n independent trials of an erpatiwith k33 mutually exclusive possiblg
outcomes. Letqjprepresent the probability of observing the finstomme and Erepresent the
expected frequency of the first outcomerepresent the probability of observing the second
outcome and Erepresent the expected frequency of the secormimeat and so on. The
expected frequencies for each possible outcomgiaea by

E =np fori=1, 2, ..., k.

Theorem: Test Statistic for Goodness-of-Fit Tests

Let Q represent the observed counts of categoryrefesent the expected counts of
category i; k represent the number of categoried;raerepresent the number of independenit
trials of an experiment. Then the formula
_E )2
XZ :z% i = 1'2”k

approximately follows the chi-square distributiorthnk-1 degrees of freedom, provided thg
(1) all expected frequencies are greater thanwaleq 1 (all E>1) and (2) no more than 209
of the expected frequencies are less than 5 (Wherg for i=1, 2, ..., k).
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Note: If Q=E; for all i, theny? = 0. >>>Perfect agreement between observed and
expected frequencies.
If O; differs from E, theny? > 0 and increases in size as the difference isesea




The Chi-Square Goodness-of-Fit Test

Assumptions:
* The data are randomly selected.
* All expected frequencies are greater than or egual(i.e., B1.)
* No more than 20% of the expected frequencies agethan 5.

Step 1: A claim is made regarding a distribution.
Ho: The random variable follows the claimed disttibn.
Hi: The random variable does not follow the clairdedribution.

Step 2: Select a significance level, and find thecritical value of chi-square,y , > with df=k-1

Note that chi-square goodness-of-fit tests arettigited tests, so the critical value is always on
the right tail.

Figure 4
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Step 3: Calculate the? test-statistic

Y
XZ = Z% i=12..k

where E=np for each of the k categories, with n=number @isrand p=probability of the ith
category. The Eare derived under the assumption that the nulbthgsis is true.

Step 4: Draw a conclusion.
« Compare the test statistic with the critical valliey® > x . %, reject H.
* Interpret the conclusion in the context of the peah



Example of Chi-Square Goodness-of-Fit Test:
Problem: A die is tossed 120 times. Test the hypothésisthe die is “fair.”
Step 1: Null and alternative hypotheses

Ho: Die is “fair” (i.e., p=p.=...=ps=1/6)

H;: Die is not fair (i.e., at least one#1/6)

Step 2: Selecw=0.05 and find the critical value of chi-squarges’= 11.071 with df=(6-1)=5.

Xo05°=11.071 18.70

d
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Do not reject | Reject H

Step 3: Toss the die 120 times and record the numbeispPX, ..., and 6’s. Calculate the
expected frequencies using-&p.

No. on S —Ei)z
Face of E—
ot 2 = i | E,=120(1/6) = 20
——— 1 =245
1 13 20 20
(28-20)* _ 320
2 28 20 20
(LG—_ZO)Z = 080
3 16 20 20
_ 2
40-20" =500 The H, is rejected largely
4 10 20 20 - due to the small numbef
(82-20" _ -, observed 4's (¢-10) and
5 32 20 20 the large numbeof
21-20)° _ 005 observed 5's (6-32).
6 21 20 2C '
2
O. -E.
zu =18.70
120 120 E;

Step 4: Conclusion—Because thé-statistic=18.70 > .0s°= 11.071, reject Hat the 0.05
significance level. The sample data imply thatdteeis not fair.

***Re-work this problem using the P-value approaoiplained on p. 482 of your text.
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Excel—Calculation of the Test Statistic and P-Valudor a Chi-Square Goodness-of-fit Test

Excel can be used for calculations for a chi-sqganess-of-fit test. The Die Toss problem
from p. 5 is used as an example. It is importamdint out that Excel does not provide a
statistical function to calculate th¢<€for a chi-square problem; instead, this Ehust be
calculated with standard Excel functions for addytsact, multiply, and divide (following the
hand-calculation procedures demonstrated on p. 5).
In regard to application of a chi-square statitiest, Excel can provide three pieces of
information to facilitate the process:

Excel Statistical
Measure Calculated in Excel Function

1. P-value indicating the area under the chi-squesteiloition to the CHITEST
right of the test statistic.

2. Chi-square test statistig,. CHIINV

3. Chi-square critical valug,”. CHIINV

The use of Excel in obtaining these measures iodstrated below for the Die Toss problem
from p. 5. The expected frequencieg @e calculated as demonstrated on p. 5 usingatdn
Excel functions for add, subtract, multiply, andide.

1 A B C

2 No.on Face of Die Observed O; Expected E;

3 20

Z 1 13 Function Arguments

- 2 28 20 CHITEST

§ 3 16 20 Actual_range |B3:E5 = {13;28;16;10;32;21
6 4 10 20 Expected_range |C3:05 = {20;20;20;20;20;20
Z 5 32 20 = 0,002185729

Returns the kest for independence: the value from the chi-squared distribution For the

§ 6 21 20 statistic and the appropriate degrees of freedom.

2 120 120 Expected_range is the range of data that contains the ratio of the product of row totals
10 and calurn kokals ko the grand kotal,

11 CHITEST 0.002186 <€— Farmula result = 0.002185729

12 CHIINV 18.7 Helo on this function
13 CHINV 11.070

The CHITEST function can be used to calculate ji@-value,

Excel: Finding P-values for they? distribution.
Step 1:Calculate the expected frequencies.(E
Step 2:Selectinsert/Function (fx) from the Windows menu. In thanction Category;,
select “Statistical.” In th&unction Name select “CHITEST” and pres3K and the
Function Argument window will appear.
a) Press the button on the right of fketual_range box and highlight cell83:B8.
This highlights the observed frequencies.
b) Press the button on the right of thepected_rangebox and highlight cell€3:C8.
This highlights the expected frequencies.
Step 3:PresOK and the p-value will appear at the bottom offlaction Arguments box.
Formula reult = 0.002185729 (this is the-value’




The CHIINV function can be used to calculate thesttuare test statistig?, as explained
below.

Excel: Finding the chi-square statistic (or calcwdted chi-square value)
Step 1 Calculate the p-value using the “CHITEST” functi@s explained above)
Step 2: Selectinsert/Function (fx) from the Windows menu. In thaunction Category;,
select “Statistical.” In th&unction Name select “CHIINV” and pres®K and the~unction
Argument window will appear.
a) Enter the P-value in thi&robability box (the P-value was calculated using the
“CHITEST” function in Step 1).
b) Enter (n-1) in th®eg_freedombox (note that df identifies the particular chi-
square distribution that is being used).
Step 3:PresOK and the chi-square statistic will appear at thitono of theFunction
Arguments box.
Formula result = 18.69971027

Function Arguments @I
CHITNY
Probability | 0.00218¢ = 0,002186
Deqg_freedom |5 =5

= 18.69971027
Returns the inverse of the one-tailed probability of the chi-squared distribution.

Probability is a probability associated with the chi-squared distribution, a value
between 0 and 1 inclusive,

Formula result = 18,69971027

Help on khis function [ OF, ][ Cancel ]

The CHIINV function can be used to find the chi-arpucritical valuey,?, as explained below

Excel: Finding critical values for the chi-squaredistribution.
Selectinsert/Function (fx) from the Windows menu. In tl&unction Category, select
“Statistical.” In theFunction Name select “CHIINV” and pres®K and the~unction
Argument window will appear.

a) Enter the significance level)(in theProbability box. .

b) Enter the degrees of freedom in Beg_freedombox (df=n-1).
PresOK and the chi-square statistic will appear at thigdoo of theFunction Arguments
box.

Formula result = 11.07

Function Arguments EI
CHIIHY
Probability 0,05 =0.05
Deqg_freedom 5 =5

= 11.07049775
Returns the inverse of the one-tailed probability of the chi-squared distribution.

Deg_freedom is the number of degrees of freedom, a number between 1 and 1010,
excluding 10--10.

Formula result = 11.070

Help on khis Function [ K ][ Cancel




11.2 Chi-Square Test for Independence

Consider the data in the table below that reprebeneye color and hair shade of a random
sample of 50 individuals.

Hair Shade
Light Dark
Eye Color Hair Hair
Blue Eyes 23 7
Brown Eyes 4 16

This table is referred to ascantingency tableor atwo-way table because it relates two

categories of data. Thiew variable is eye color and theolumn variable is hair shade. Each
box in the table is referred to asell. For example, the cell referring to light haiddrue eyes

is in the first row, first column. Each cell comsthe frequency of the category.

Definition: Thechi-square independence tess used to find out whether there is an
association between a row variable and column ki@ a contingency table constructed
from sample data. The null hypotheisishat the variables are not associatedother words,
they are independent. The alternative hypothedisat the variables are associated, or
dependent.

Expected Frequencies in a Chi-Square Independence=3t

To find the expected frequencies in a cell wherfigoering a chi-square independence test,
multiply the row total of the row containing thelldey the column total of the column
containing the cell and divide this result by tablé total. That is,

(rowtotal )(columntotal )

tabletotal

Expected frequency =

Theorem: Test Statistic for the Test of Independence

Let O represent the observed counts in the ith cellEamepresent the expected counts in ti
ith cell. Then

2 _ (Oi B Ei)2
X Z—Ei
approximately follows the chi-square distributiorthn(r-1)(c-1) degrees of freedom, where
is the number of rows and c is the number of cokimrthe contingency table, provided tha
(1) all expected frequencies are greater thanwaldq 1 (all E>1) and (2) no more than 209
of the expected frequencies are less than 5.
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The Chi-Square Test for Independence

Assumptions
* The data are randomly selected.
* All expected frequencies are greater than or egual(i.e., B1.)
* No more than 20% of the expected frequencies agethan 5.

Step 1: A claim is made regarding the independence (pedédence) of two variables.
Ho: The row variable and column variable are indejesn
H;: The row variable and column variable are depetde

Step 2: Select a significance level, and find theeritical value of chi-square. All chi-square

independence tests are right-tailed tests, soritieat value isy,” with (r-1)(c-1) degrees of
freedom. The shaded region represents the crigegabn in the figure below.

Figure 1(
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Step 3: Compute the expected frequencies using the f@anitxp. freq
tabletotal

Compute theest statistic
O -E)?
v =y - )

Step 4: Draw a conclusion.
« Compare the test statistic to the critical chi-squdfy® >y ., reject H.
» Interpret the conclusion in the context of the peob



Example of Chi-Square Independence Test:

Problem: Is eye color and shade of hair related in indisid? Can we conclude from the data
shown below that there is a significant connechietween eye color and hair shade?

Step 1: Null and alternative hypotheses
Ho: Eye color and hair shade are independent.
Hi: Eye color and hair shade are dependent.

Step 2: Select=0.05 and find the critical value gf*> = 3.841 with df=(2-1)(2-1)=1.

—a

Xo.05°=3.841 15.512

< »
« »

non-rejection rejection

Step 3:
A random sample of 50 individuals was selectedd@daskified according to eye color and shade
of hair (shown at the top of the table below). &oted frequencies were calculated using the

_ (rowtot)(col tot)

formula: Exp. freq = (shown at the bottom of the table).
tabletotal
Observed Frequencies:
Light Hair Dark Hair Row Total
Blue Eyes 23 7 30
Brown Eyes 4 16 20
Column Total 27 23 50

Expected Frequencies:

Light Hair Dark Hair Row Total
Q0T 15, B0 454
Blue Eyes 50 50 30
(20)(27) ~10.8 (20)(23) _9.2
Brown Eyes 50 50 20
Column Total 27 23 50
_ 2 _ 2 _ 2 _ 2 _ 2
v = z(oi E)* _ (23-162)°  (7-138)° (4-108)*  (6-92)° _ ..,
E 16.2 138 108 92

Step 4: Conclusion—Because the calculagédl15.521 > the critica},” = 3.841, reject hiat the
0.05 significance level. A significant relationigts between eye color and hair shade (i.e., eye
color and hair shade are dependent).

***Re-work this problem using the P-value approaoiplained on p. 494 of your text.
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Constructing a Conditional Distribution and Bar Graph (p. 493)

Problem: Find the conditional distribution of eye color bgir shade. Then draw a bar graph
that represents the conditional distribution of egr by hair shade.

Table of Conditional Distributions
Observed Frequencies:
Light Hair Dark Hair

Blue Eyes 23 7
Brown Eyes 4 16
Column Total 27 23

Proportions:

Light Hair Dark Hair

28 =0.852 s =0.304
Blue Eyes 27 23

4 =0.148 16 =0.696
Brown Eyes 27 23

1.000 1.000

The graph below (drawn with the Excel Chart Wizasiddws the conditional distribution of eye
color by hair shade; the blue bars represent thegption of people with blue eyes for each hair
shade, and the maroon bars represent the propoftjgeople with brown eyes for each hair
shade. The association between eye color andhadfe is apparent from these conditional
distributions. The proportion of people with blexges is greater for those with light hair
compared to dark hair (the relation is significanthe 0.05 level).

Proportion of Eye Color by Hair Shade

0.900

0.800 -
0.700 -
0.600

0.500 @ Blue Eyes
0.400 m Brown Eyes

0.300

0.200

0.100 -—

0.000 ‘

Light Hair Dark Hair
Hair Shade

Proportion for each Hair Shade
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Chi-Square Test for Homogeneity of Proportions

The chi-square test for independence (that wagljgstissed above) is a test regarding a sample
from asingle population. Each individual in the populatiorciassified in two ways (such as

eye color and hair shade). We now discuss a sagpedf chi-square test, which can be used
to compare the population proportions frdifferent populations. The test we are about to
introduce is an extension of the procedures incedun Section 10.3 where we compared two
population proportions.

Definition: In achi-square test for homogeneity of proportionswe test the claim that
different populations have the same proportiomdhiiduals with some characteristic.

Example: How patriotic are you? Would you say—extremedyfvpatriotic, somewhat

patriotic, or not especially patriotic? This questwas asked of a random sample of 1009 adults
in June 1999 and in June 2005 (The Gallup Organizdittp://www.gallup.comJune 30,

2005). We might initially claim that the proponiof individuals in each category
(extremely/very patriotic, somewhat patriotic, egpecially patriotic) is the same for the 1999
population as for the 2005 population. In otherdsgpthe level of patriotism in the American
population has not changed from 1999 to 2005. agpropriate null hypothesis is:

Ho: p1= P2
versus the alternative hypothesis:
Hi: At least one of the population proportions igetént from the other.
(e.g., p=proportion of people who are extremely/very paitcion 1999 is different from

p.=proportion of people who are extremely/very paicion 2005)

The procedures for performing a test for homoggradiproportions are identical to those for a
test of independence.

12



Problem: Is there evidence to indicate that the feelingahilts toward patriotism is the same in
2005 as in 1999? Perform a test for homogeneipraportions using=0.01.

Step 1: Null and alternative hypotheses:
Ho: pp=p where 1=extremely/very patriotic in 1999 @wxtremely/very patriotic
in 2005; and so on for the other categories.

Hi: At least one of the population proportions igetént from the other.

Step 2: Step 2: Select=0.01 and find the critical value @f* = 9.210 with df=(3-1)(2-1)=2.

Figure 5

Xoa’=9.21 10.87:
nonrejection | rejection

Step 3: A random sample of 1009 adults was asked thetignesHow patriotic are you?

Would you say—extremely/very patriotic, somewhdtip#c, or not especially patriotic? This
guestion was asked in June 1999 and again in WBte&hd the observed frequencies are shown
at the top of the table below. The expected fraqgigs were calculated using the formula:

Exp. freq = (ro:;t;te)fggltot) (expected frequencies are shown at the bottomeotaiie below).

Observed Frequencies:

June 1999 June 2005 Row Total
Extremely/Very
patriotic 656 726 1382
Somewhat patriotic 283 222 505
Not especially patriotic 50 50 100
Column Total 989 998 1987

Note: The column totals differ from 1009 due to “No Opinion” responses.

Expected Frequencies:

June 1999 June 2005 Row Total
Extremely/Very M = 687.87 % =694.13
patriotic 1987 1987 1382
505)(989 505)(998
w =251.36 w = 253.64
Somewhat patriotic 1987 1987 505
100)(989 100)(998
—( )(989) =49.77 —( )(998) =50.23
Not especially patriotic 1987 1987 100
Column Total 989 998 1987

2
2 s (O] -Ej)° (656~ 68787)°  (726- 69413)°  (283-25136)> (222- 25364)° (50~ 4977)°  (50-5023)°
X = = + + + + +

=10873

E; 68787 69413 25136 25364 4977 5023

Step 4: Conclusion—Because the calculagéd10.873 > the critica},” = 9.210, reject hiat the

0.01 significance level. There is a significarftedence in the level of patriotism between 1999
and 2005.
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The graph shows a bar graph for the conditionatidigions of patriotism level for 1999 and
2005. The blue bars represent the proportion opleewho arextremely/very patriotic; the
maroon bars represent the proportion whosanawhat patriotic; and the yellow bars represent
the proportion who areot especially patriotic. From the graph it is apparent that the proportio
of people who are extremely/very patriotic haséased slightly from 1999 to 2005 (the change
is significant at the 0.01 level).

How Patriotic Are You?

@ Extremely/Very patriotic
m Somewhat patriotic
O Not especially patriotic

0.8
0.7
0.6
0.5

0.4
0.3
0.2

0.1

Proportion Within Each Category

=

June 1999 June 2005

Source: The Gallup Organizatiomttf://www.gallup.con, June 30, 2005.
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The graph shows a bar graph for the conditionatidigions of patriotism level for 1999 and
2005. The yellow bars represénne 1999 and the green bars represéunte 2005. From the
graph it is apparent that the proportion of peogt® are extremely/very patriotic has increased
slightly from 1999 to 2005 whereas the proportibpeople who are somewhat patriotic has
decreased slightly (the changes are significatitea0.01 level).

Observed Frequencies

Extremely/Very Not especially

patriotic Somewhat patriotic patriotic Row Total
June 1999 656 283 50 989
June 2005 726 222 50 998
Column
Total 1382 505 100 1987

Note: The column totals differ from 1009 due to “No Opinion” responses.

Expected Frequencies

Extremely/Very Not especially
patriotic Somewhat patriotic patriotic Row Total
—(989)(1?’82) = 68787 —(989)(5105) = 25136 —(989)(1_00) = 4977
June 1999 1987 1987 1987 989
(9991389 _ 59413 | (998509 _ p534, | (998100 _ 5405
June 2005 1987 1987 1987 998
Column
Total 1382 505 100 1987
How Patriotic Are You?
June 1999 @ June 2005
0.8
07
o
(@]
< 06 |
o
S 05
i
_E 0.4 -
2 031
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£ 02 -
)
& 0.1 A
0
Extremely/ Very patriotic Somewhat patriotic Not expecially patriotic

Source: The Gallup Organizatiomttf://www.gallup.con, June 30, 2005.
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