Chapter 11—Inferences on Two Samples

11.1—Inference about Two Means: Dependent Sanfptddatched-Pairs)
* thypothesis test
* tconfidence interval
11.2—Inference about Two Means: Independent Samnple
* t hypothesis test—unequal population variances
* tconfidence interval
* t hypothesis test—equal population variances
11.3—Inference about Two Population Proportions
* Z hypothesis test
» Z confidence interval
» Sample size

Example—Comparison of two teaching methods for stagtics:
» Traditional method involving class lectures
» Computer method using web-based instruction

Example—Comparison of pig gains on two diets.

Independent versus Dependent Sampling

Independent sampling—when the individuals selected for one sample do no
dictate which individuals are to be in a second@am

Dependent sampling—when the individuals in two samples are somehdated:
* husband-wife
» siblings
» similar characteristics
e Same person
* Ssame year

Example 1, p. 508, provides examples of independensus dependent samples.



Matched-Pairs Design using the t-Distribution—Hypohesis Test Regarding the Difference
of Two Means fig) with 64 Unknown

Assumptions
* The sample is obtained using simple random sampling
* The sample data are matched-pairs;
» The differences are normally distributed or the glansize, n, is “large” (n30).

Step 1: A claim is made regarding the mean differencenfroatched-pairs datad). The null
and alternative hypotheses can be structured é&e tivays:

Two-Tailed Left-Tailed Right-Tailed
Ho: Mg = 0 Ho: Mda = 0 Ho: Mda = 0
Hl: }Jd# 0 Hl: Ud<0 Hl: Ud>0

Mg<O or pg>0

Step 2: Select devel of significance a, which is generally chosen to be 0.10, 0.05, 01 0.
The significance level is used to determinedhgcal value. Critical value is the t-value that
separates the rejection and nonrejection regioftserejection region (or critical region) is the
set of all values of the test statistic (definedtep 3) such that the null hypothesis is rejected.

Two-Tailed

Left-Tailed Right-Tailed

£,

b

rejection region rejection region| nonrejection regian nonrejection region rejection region

Step 3: Calculate theest statisticor calculated t-value

_d-p, Note: Statistical inference methods on matchedsmiata use the

same methods as inference on a single populatiam mého
A‘ A‘ / unknown, except thatifferencesare analyzed.

which follows Student’s t-distribution with df=n-IThe values ofl and g are the mean and
standard deviation of the differenced data. Tkedmtistic (t) measures the number of standard

deviations that the sample meah, is from the assumed population mea0.
Step 4: Draw a conclusion:

» Compare the calculated t-value (or test statistiche critical t-value and state whether
or not H is rejected at the specified

Two-Tailed Left-Tailed Right-Tailed
Ift<-t, ort>t, If t <t reject Ift>t reject
reject thenull hypothesis thenull hypothesis.  thenull hypothesis.

* Interpret the conclusion in the context of the peah



Example 2, p. 510—Testing a Claim Regarding Matche®airs Data
Problem: Professor Andy Neill measured the time (in sesdpmelquired to catch a falling meter stick for
12 randomly selected students’ dominant hand andeminant hand. Professor Neill claims that the
reaction time in an individual’'s dominant handedsd than the reaction time in their nondominantihan
Test the claim at the=0.05 level of significance.

Step 1: Null and Alternative Hypotheses:

Step 2: Selectn = 0.05 and find the critical value of t (df=12-151

calculated tvalue

Ho:
H]_:

critical talue (dF|

na=0
Ha<0

Left-Tailed Test

=

Y
-2T78

F
-1.785

reiection region

Step 3 Draw a random sample of n=12 students and meadkair reaction times in the dominant and
nondominant hands. Calculate the sample mdarsample standard deviation, and the test statistit,

u]

A B c D E E
Dominant Nondominant | Difference, . .
1 | Student |Hand,X1 | Hand, X2 di=X1-X2 (d -d) (d, —d)?
2 1 0.177 0.179 -0.002 0.011167 0.000125
3 2 0.210 0.202 0.008 0.021167 0.000448
4 3 0.186 0.208 -0.022 -0.008833 0.000078
5 4 0.189 0.184 0.005 0.018167 0.000330
6 5 0.198 0.215 -0.017 -0.003833 0.000015
7 6 0.194 0.193 0.001 0.014167 0.000201
8 7 0.160 0.194 -0.034 -0.020833 0.000434
9 8 0.163 0.160 0.003 0.016167 0.000261
10 9 0.166 0.209 -0.043 -0.029833 0.000890
11 10 0.152 0.164 -0.012 0.001167 0.000001
12 11 0.190 0.210 -0.020 -0.006833 0.000047
13 12 0.172 0.197 -0.025 -0.011833 0.000140
14 Sum= -0.158 0.000000 0.002970
15 d = | -0.013167 | =AVERAGE(D2:D13)
16 S¢= 0.01643 | =STDEV(D2:D13)
q\2
.. (d-0) _(-0013167-0) _-0013167_ s, =1 2.(d -d)* _ 000297 :6643
sy 0.01643 0.00474 ' n-1 12-1
Jn J12

Step 4: Conclusion—Because the calculated t = -2.778gs than the critical t = -1.796 (and in the
rejection region), reject #at the 0.05 significance level. There is suffitievidence at the 0.05
significance level to support Professor Neill'sigldhat the mean reaction time in the dominant Hand
less than the mean reaction time in the nondomimamd.
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Example 2, p. 510—Using Excel to Test a Claim Regding Matched-Pairs Data

Problem (see previous page)This problem can be solved using Excel. One adwpmnis that
Excel provides a calculated P-value as well adaulzded t-value. The P-value serves as a
measure of the strength of evidence agaigstAdsmall P-valuemeans that the null hypothesis
is strongly rejected or the result ifighly statistically significant.

Excel: Two-sample t-tests, Dependent Sampling (ddatched-Pairs):

Step 1: Enter raw data in columns B and C (the Excel wheet page is shown on the next
page).

Step 2: Select th& ools menu, highlighData Analysis

Step 3: Select “t-test: Paired Two-Sample for Means.”thW¥he cursor in the “Variable 1
Range” box, highlight the data in column B. Witie tcursor in the “Variable 2 Range” box,
highlight the data in column C. Enter the hypotbed mean difference (usually 0) and a value
for alpha (e.g.¢=0.05). In the “Output Range” box, specify a ¢eflthe output (upper left
corner of the output range). CIli€kK.

1 Microsoft Excel - X1 Ch10.xls

@_] Fil=  Edit Miew Insert Format | Tools |<gata  Window  DDKL

; _ Ot selectData Analysis.
H 5 i 1y (=" A
F16n B’ ! 0P B TS RS RN Bl oy (7
e Data Analysis. ..
= f;. W
2 T = = 2
Data Analysis
Analysis Tools
= SR — O
Exponential Smoothing ~ I n
F-Test Two-Sample Far Yariances - Cancel
Fourier &nalysis
Hisk: | .
e PR | Select an Analysis Tool: t-Test:
et ey SenerateT 5 Paired Two Sample for Means
Rank and Percentile
Regression %
Sampling ¢ |

t-Test: Paired Two Sample for Means ) )
i Highlight the data
Yariable 1 Range: L4E41:4B413 for Variable 1 and
— —"""| H .
ariable 2 Range: scoutoss e Variable
Hypothesized Mean Difference: D
i [ 1 Enter the hypothesized
SEbeginos. N mean difference of 0, and
CHip ot entero=0.0¢
(@ Qutput Range: T €
) Mew Workshest Ply: | .
() Mew Workbook .
T [ Specify a cell for
the output.




Output from Excel—t-Test: Paired Two Sample for Means

A B c D E E
Dominant Nondominant | Difference, _ _
1| Student | Hand, X1 | Hand, X2 di=X1-X2 (d —d) (d, -d)?
2 1 0.177 0.179 -0.002 0.011167 0.000125
3 2 0.210 0.202 0.008 0.021167 0.000448
4 3 0.186 0.208 -0.022 -0.008833 0.000078
5 4 0.189 0.184 0.005 0.018167 0.000330
6 5 0.198 0.215 -0.017 -0.003833 0.000015
7 6 0.194 0.193 0.001 0.014167 0.000201
8 7 0.160 0.194 -0.034 -0.020833 0.000434
9 8 0.163 0.160 0.003 0.016167 0.000261
10 9 0.166 0.209 -0.043 -0.029833 0.000890
11 10 0.152 0.164 -0.012 0.001167 0.000001
12 11 0.190 0.210 -0.020 -0.006833 0.000047
13 12 0.172 0.197 -0.025 -0.011833 0.000140
14 Sum= -0.158 0.000000 0.002970
15 d = -0.013167
16
17 | t-Test: Paired Two Sample for Means |
Dominant Nondominant
18 Hand, X1 Hand, X2
19 | Mean 0.179750 0.192917
20 | Variance 0.000307 0.000324
21 | Observations 12 12
22 | Pearson Correlation 0.572
23 | Hypothesized Mean
Difference 0
24 | df 11
25 | t Stat -2.776
26 | P(T<=t) one-tail 0.00902
27 | t Critical one-tail 1.796
28 | P(T<=t) two-tail 0.018
29 | t Critical two-tall 2.201

Confidence Interval for a Matched-Pairs Test:

(1-0)100% CI: point estimate £ margin of error

Wheret(y Is computed using df=n-1.
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Independent-Samples Design using the t-Distributior-Hypothesis Test Regarding the
Difference of Two Means with Unknown Population Stadard Deviations (6; and 6,)

Assumptions
» The samples are obtained using simple random sagpli
* The samples are independent;
* The populations from which the samples are drawmarmally distributed or the
sample sizes are “large” B0 and g>30).

Step 1: A claim is made regarding the two population nse@pandu,). The null and
alternative hypotheses can be structured in thegesw

Two-Tailed Left-Tailed Right-Tailed
Ho: M1 =H2 Ho: M1=H2 Ho: M1=H2
Hii W17 M2 Hii 1< p2 Hii p1> 2

M1<MH2 OF h1>W2

Step 2: Select devel of significance a, which is generally chosen to be 0.10, 0.05, 01 0.

The critical value is determined using the smadfem-1 or n-1 degrees of freedonCiritical
value is the t-value that separates the rejection amgdejection regions. Thejection region

(or critical region) is the set of all values of the test statistefifeed in step 3) such that the null
hypothesis is rejected.

Two-Tailed Left-Tailed Right-Tailed

%
‘r
\

ejection region rejection region| nonrejection regian

Step 3: Calculate theest statisticor calculated t-value
t= (Yl_ X2) - (/'Il _tuz)
2 2 '
S .S
nl n2
which approximately follows Student'’s t-distributio The test statistic (t) measures the number

of standard deviations that the difference in sampeans, Xu —;(2), is from the assumed
difference in the population meang;-{1,)=0.

Step 4: Draw a conclusion:
» Compare the calculated t-value (or test statistiche critical t-value and state whether
or not H is rejected at the specified

Two-Tailed Left-Tailed Right-Tailed
Ift<—t, ort>t, If t <—t, reject If t >t, reject
reject thenull hypothesis thenull hypothesis.  thenull hypothesis

* Interpret the conclusion in the context of the peah
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Independent-Samples Design using the t-Distributior-Hypothesis Test Regarding the
Difference of Two Means with Unknown Population Stadard Deviations (6; and 6,)

Problem (p. 523): In the Spacelab Life Sciences 2 payload, 14 maewere sent to space.
Upon their return, the red blood cell mass (inifitghs) of the rats was determined. céntrol
group of 14 male rats was held under the same tonsgli(except for space flight) as the space
rats and their red blood cell mass was also deteunivhen the space rats returned. Test the
claim that the flight rats have a different meath nébood cell mass from the control rats at dhe

0.05 significance level.

Step 1: Null and Alternative Hypotheses:

Ho w=p,or py—p,=0
Ha: My # o py =, #0
My <y OF >

Step 2: Selecto = 0.05 and find the critical value of t (df=14-13)1
Twao-Tailed Test

critizalAfalue (dE13)

caleylated t-value
b
I=0.025

2480 -1.437 o 260 t
reiection region | nonrejection region reiection region

Step 3 Draw a random sample of n=28 rats and randossyga them to the flight group or the
control group. Calculate the sample meansnd X2, standard deviations; and g, and test
statistic,t.

A B

Flight, X1 Control, X2 t= XZ) (4~ p) _ (78818430 -0 _ 0549 _

8.59 8.65 1 017 1 0052 © 03821288115

8.64 6.99 /

7.43 8.40

7.21 9.66

6.87

7.89 Z(XL - Xl) 134458 ~1017

9.79 \/ 14-1

6.85

7.00

8.80 . .

930 Step 4: Conclusion—Because the calculated t = -1.43Taatgr

8.03 than the left critical t = -2.160 (and in the ngaotion region), do

6.39 not reject H at the 0.05 significance level. There is not a

7.54 significant difference in the mean red blood cediss of the flight
X, = 7.881 X, =8430 rats and the control rats at the 0.05 level.

$,=1.017 =STDEV(A2:Al5)



The red blood cell mass problem for flight and colntats was calculated in Excel using a “t-
Test: Two-Sample Assuming Unequal Variances."—theeEoutput is shown at the bottom of
this page. Notice that df=26 in the Excel outpertsus df=13 in the hand calculations above.
Your textbook (p. 525) explains that a more aca&uvedy to calculate df is using the following df
formula, which is the formula used in Excel:

(Sf s’ Jz (1.0172 1,005 JZ
e +
df =) 142 - —— = 25.9960r 26
(SlzJ [522] [1.017 j (1.005 ]
n ) n, 14 ) | 14
n-1  n-1 14-1 14-1

With the higher df from Excel, the critical t is alier (2.056 with df=26 versus 2.160 with
df=13).

* The smaller critical t decreases the number ofdstethdeviations the difference in the
sample means must be from the hypothesized mei@netite before the null hypothesis
is rejected.

* In using the larger df, we need less evidencejezt¢he null hypothesis.

Excel Output for “t-Test: Two-Sample Assuming Unequ al Variances”

Flight, X1 Control, X2
Mean 7.880714286 8.43
Variance 1.035207143 1.010969231
Observations 14 14
Hypothesized Mean Difference 0
df 26
t Stat -1.436781704
P(T<=t) one-tail 0.081352709
t Critical one-tail 1.705617901
P(T<=t) two-tall 0.162705419
t Critical two-tail 2.055529418

Confidence Interval for (ni-p2) with Independent Samples (Unequal Variances):

(1-0)100% CI: point estimate £ margin of error

2 2
N — q St S
X1—Xz2) £t +
( 1 2) % nl n2

Wheretty is computed using the smaller qfhor np-1 df.
2
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Independent-Samples Design using the t-Distributiomwith a Pooled Variance, §2

Assumption: population variances are homogeneous,d&=o°.

(n-HE° +(n, -9,
(nl _1) + (nz _1)

Pooled variance: s, =

(Xa=Xe) = (H = hp) _ (X1 =X2) = (4 = f4,)
2 2
Sp LS S, D1/3+i
nl n2 nl n2

The red blood cell mass problem for flight and colntats was calculated in Excel using a “t-
Test: Two-Sample Assumirtgqual Variances”™—the Excel output is shown at the bottom of
this page. Notice that the result is the saméatsfor “Unequal Variance$ shown above. This
is because the two sample sizes are the same{g,). In situations where the sample sizes
are different, the results would be different.

Calculated t-value: t =

Excel Output for “t-Test: Two-Sample Assuming Equal Variances”
Flight, X1 Control, X2

Mean 7.880714286 8.43
Variance 1.035207143 1.010969231
Observations 14 14
Pooled Variance 1.023088187

Hypothesized Mean Difference 0

df 26

t Stat -1.436781704

P(T<=t) one-tail 0.081352709

t Critical one-tail 1.705617901

P(T<=t) two-tail 0.162705419

t Critical two-tail 2.055529418

Using a pooled variance has a statistical advantalge two population variances are in fact
equal. However, in practice, it is difficult tonfy that two sample variances might be equal, so
your textbook advises to use Welch’s t (which asssiomequal population variances) when
comparing two means from independent samples.
Confidence Interval for (nsi-p2) with Independent Samples (Pooled Variance):

(1-0)100% CI: point estimate £ margin of error

/l 1
( XZ) t/ D—l+n—2

wheretcy is computed using df=(ny-2).
2
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